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Abstract
We address two basic questions for real algebraic curves. The first one is how to decide whether a
real algebraic curve in the n-projective space contains some real point. We present an algorithm that
reduces the original question to deciding whether the zero-set of a zero-dimensional ideal contains
real points. The second part of the paper is devoted to giving necessary and sufficient conditions for
the existence of a real line disjoint from a given real plane algebraic curve. An algorithm for testing
whether these conditions are fulfilled is given.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper we present some fundamental constructions for real algebraic curves.
One of the most basic questions is how to decide whether an algebraic curve in the
n-dimensional projective space, defined over the reals, contains some real point or not.
If we project the curve to a plane by means of a real projection, the projected curve, whose
real part obviously contains the image of the real points of the space curve, may also con-
tain additional real points whose fibers are purely complex. In order to solve the problem,
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we compare the real locus of the given space curve and the real locus of the projected plane
one.
If the projection is sufficiently generic, only a finite number of complex points can
project onto real points. We give a specific test to check whether a projection is “good”,
based on a structure theorem for Gröbner bases for radical ideals of pure dimension 1 in
general position.
Our algorithm reduces the original question to deciding whether the zero-set of a zero-
dimensional ideal contains real points, and allows one to exhibit an explicit real point on
the curve, if it exists.
The other question we deal with is deciding whether there exists a real line disjoint
from a given non-singular real plane projective curve. If such a line L exists, we can see
L as the line at infinity with respect to a suitable affine chart of RP2, where the curve is
compact. Moreover the possibility of finding a disjoint line can be seen as a tool that would
enable us to use the procedure given in Fortuna et al. (2003) to compute the topology of
a real algebraic surface of even degree. In that paper the authors present an algorithm
that computes the number of connected components of the surface and the first homology
group of each component, provided that there exists a line disjoint from the surface, and
hence disjoint from the plane sections of the surface with all the planes containing such a
line. In the same paper it was seen that for real quartic curves without real singular points
a disjoint line always exists. Here we show that, for higher degrees, it is possible to use
multi-tangents to set up a procedure for deciding whether a disjoint line exists or not, via
an analysis of the singular points of the dual curve.
2. Empty curves in RPn
Let I be a homogeneous radical ideal ofQ[x1, . . . , xn+1] defining a projective algebraic
curve C = V (I ) ⊂ CPn , n ≥ 3. Denote by CR the real part of C , i.e. CR = C ∩ RPn . We
want to find an algorithmic procedure for deciding whether CR is empty or not, and, in the
latter case, for finding a point in it.
Any change of homogeneous coordinates given by a matrix in PGL(n + 1,Q)
transforms real points into real points; by means of such a change of coordinates we can
assume that C intersects the hyperplane at infinity {xn+1 = 0} ⊂ CPn in finitely many
points. If at least one of those points is real, the algorithm stops. In this way we can restrict
our investigation to the affine chart {xn+1 = 1} where our curve is defined by an affine
radical ideal of pure dimension 1 (i.e. all its associated primes are of dimension 1); we will
still denote by C and I respectively the affine curve and the affine ideal defining it.
Our algorithm will proceed by projecting the space curve into C2. So the first concern
is guaranteeing that the projection is a “good” projection, i.e. such that we can recover
the real points of the given space curve from the study of the plane one. The existence of
such a projection follows from the following structure theorem for radical ideals of pure
dimension 1.
Theorem 2.1. Let I ⊂ Q[x1, . . . , xn] be a radical ideal of pure dimension 1. Up to a
generic change of coordinates the reduced Gröbner basis G of I w.r.t. the lexicographical
order, with x1 > x2 > · · · > xn, is such that:
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(i) for all i ≤ n − 1 there exist gi ∈ G and ni > 0 such that lt(gi ) = xi ni ;
(ii) for all i ≤ n − 2 there exist hi ∈ G and ki ≥ 0 such that lt(hi ) = xnki xi ;
(iii) I ∩Q[xn−1, xn] = ( f (xn−1, xn)), where f (xn−1, xn) is a square-free polynomial.
Proof. By Noether’s Normalization Lemma, after a generic transformation of coordinates
we can suppose that the first n − 1 variables are integral over Q[xn] modulo I , so
(i) holds; (iii) follows from the assumption that I is radical, of pure dimension 1.
Moreover I e = IQ(xn)[x1, . . . , xn−1] is a zero-dimensional radical ideal such that
I ec = I e ∩ Q[x1, . . . , xn] = I . If the ideal is in general position (so for a generic change
of coordinates), by the Shape Lemma (see Gianni and Mora, 1989) the reduced Gröbner
basis of I e (w.r.t. the lexicographical order with x1 > x2 > · · · > xn−1) is
{x1 − p1(xn−1), x2 − p2(xn−1), . . . , xn−2 − pn−2(xn−1), pn−1(xn−1)},
with pi (xn−1) ∈ Q(xn)[xn−1]. So for all i ≤ n − 2 there exist in I = I ec polynomials
qi (xn)xi − ri (xn−1, xn); since they have to reduce to zero, it follows that for all i ≤ n − 2
in the Gröbner basis of I there exist polynomials hi satisfying (ii). 
Corollary 2.2. Let C be a curve in Cn, defined over Q, with no multiple components.
Then for almost all changes of coordinates the restriction to C of the projection π :
(x1, . . . , xn) → (xn−1, xn) ∈ C2 is finite and 1–1 except for at most a finite number of
points.
Proof. Let I be the radical ideal (of pure dimension 1) such that V (I ) = C . The previous
theorem shows that, up to a generic change of variables, for all i with i ≤ n−1 there exists
in I a monic polynomial in xi of degree ni > 0; in particular the image curve π(C) cannot
contain any line of the kind {xn = c} with c ∈ C. Moreover for all i ≤ n − 2 there exists
a polynomial linear in xi with leading term of the form xnki xi ; collecting the terms in xi
we can express these last polynomials as di (xn)xi + si (xi+1, . . . , xn). So the projection is
1–1 except for the (finitely many) points in W = V (∏i di(xn), I ) ⊂ Cn; over each point
in π(W ) there are at most
∏
ni points of C . 
Definition 2.3. Let I ⊂ Q[x1, . . . , xn] be a radical ideal of pure dimension 1 defining a
space curve C . Then the projection π : Cn → C2, π(x1, . . . , xn) = (xn−1, xn) is a good
projection for C if the reduced Gröbner basis G of I w.r.t. the lexicographical order, with
x1 > x2 > · · · > xn , is such that:
(i) for all i ≤ n − 1 there exist gi ∈ G and ni > 0 such that lt(gi) = xi ni ;
(ii) for all i ≤ n − 2 there exist hi ∈ G and ki ≥ 0 such that lt(hi ) = xnki xi ;
(iii) I ∩Q[xn−1, xn] = ( f (xn−1, xn)) where f (xn−1, xn) is a square-free polynomial.
By Theorem 2.1 we can assume that π : (x1, . . . , xn) → (xn−1, xn) is a good projection
for C . The plane curve obtained projecting C into C2 through π will be denoted by C˜; by
the previous results we have that C˜ = V ( f (xn−1, xn)).
We want to relate the existence of real points on the space curve C to the existence
of real points on C˜ . Of course π(CR) ⊆ C˜R; thus, if C˜R = ∅, then also CR = ∅
and we are sure that the original curve contains no real point. In general however the
inclusion π(CR) ⊆ C˜R can be strict, because C˜ can contain real points which are not
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the image of any real point in C , but which are the projection of complex points in C .
Since the projection is good, this can happen only for finitely many points. More precisely,
Z = C˜R \ π(CR) consists of finitely many isolated points. As a consequence:
(i) C˜R = VR( f ) cannot contain any one-dimensional connected component intersecting
the line at infinity: otherwise, for any such intersection point Q, the fiber π−1(Q) ∩ C
should contain real points, which has already been excluded by the initial test; in
particular the connected components of VR( f ) are bounded;
(ii) if f is divisible by a univariate polynomial in the variable xn−1, say g(xn−1), g cannot
admit any real root c, because otherwise the line {xn−1 = c} would be contained in
VR( f ). So, up to dividing f by its univariate factors in xn−1, which does not modify
the real zero-set, we can assume that f is not divisible by any univariate polynomial
in xn−1.
Lemma 2.4. Let K = ( f, ∂ f
∂xn
). Then the ideal K has dimension ≤ 0 and VR( f ) 
= ∅ if
and only if VR(K ) 
= ∅.
Proof. The zero-set defined by K contains the points of V ( f ) which are either singular
or critical with respect to the projection on the {xn−1}-axis. We already know that V ( f )
has at most finitely many singular points, because f is square-free. Moreover, since f
is not divisible by any univariate polynomial in xn−1, then V ( f ) cannot contain a one-
dimensional irreducible component of critical points. Hence dim K ≤ 0. In particular, if
VR( f ) 
= ∅, since it is bounded as observed in (i), it must contain points which are either
singular or critical with respect to the projection on the {xn−1}-axis; hence VR(K ) 
= ∅. 
The previous considerations allow one to reduce the original question to testing for
the presence of real points in a variety defined by a zero-dimensional ideal, which can
be decided as described for instance in Aubry et al. (1999), Auzinger and Stetter (1988),
Gonzalez-Vega et al. (1999) and Cohen et al. (1999):
Theorem 2.5. Let K = ( f, ∂ f
∂xn
) and let D = (I, K ). Then
(i) the ideal D has dimension ≤ 0;
(ii) CR = VR(I ) is empty if and only if VR(D) is empty;
(iii) if CR 
= ∅, in order to find a real point in C it is sufficient to find a real point in
VR(D).
Proof. The ideal D is at most zero-dimensional because dim K ≤ 0 and the projection is
good.
If VR(I ) = ∅, evidently VR(D) = ∅. Conversely assume that VR(D) is empty. Observe
that the set C˜R = VR( f ) cannot contain a one-dimensional connected component, because
such a component should contain a non-isolated singular or critical point w ∈ VR(K ).
Since Z = C˜R \ π(VR(I )) consists only of isolated points, then w 
∈ Z , i.e. the fiber
π−1(w) should contain a point in VR(I ), while VR(D) is empty. Then C˜R = ∅ and so
CR = VR(I ) = ∅. 
Example 1. Consider the homogeneous ideal J ofQ[x, y, z, u, t]:
J = (16x4 + 96x3t + 216x2t2 + 216xt3 − zt3 + 80t4, y2 + 2yz + 2z2 + 2zt + t2, 2x +
y + z + u + 3t).
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After checking that V (J ) ∩ {t = 0} contains no real point, consider the affine one-
dimensional ideal I obtained by dehomogenizing J w.r.t. t , which defines a curve C in
C4. If we compute the reduced Gröbner basis of I w.r.t. the lexicographical order with
x > y > z > u, we get
G = {x + . . . , y2 + . . . , . . . , . . . , 4u3(16u6 − 1)y + . . . , f (z, u)}
where f (z, u) = z8 + 8z7 + 4z6u2 + 28z6 + 24z5u2 + 54z5 + 6z4u4 + 60z4u2 + 60z4 +
24z3u4 + 92z3u2 + 36z3 + 4z2u6 + 36z2u4 + 96z2u2 + 9z2 + 8zu6 + 22zu4 + 60zu2 +
u8 + 4u6 + 4u4 + 16u2.
From G we see that the projection π : (x, y, z, u) → (z, u) is a good projection and
that an equation for the projected curve C˜ = π(C) is f (z, u) = 0.
Let K = ( f, ∂ f
∂u
). The set VR(K ) contains four real points which are critical or singular
for C˜ . We lift them considering the ideal D = (I, K ) and we find that VR(D) =
{(−3/2, 1,−1, 0)}. Thus CR is not empty and we have found a point on it.
Example 2. A question to which the previous algorithm allows one to give a computational
answer is deciding whether a real algebraic surface in RP3 has real singular points.
Consider for instance the real projective surface defined by the homogeneous polynomial
F(x, y, z, t) = 65z4 + (260y + 66x + 194t)z3 + [372y2 + (162x + 582t)y + 13x2 +
100tx + 241t2]z2 +[224y3 + (116x + 556t)y2 + (6x2 + 148tx + 482t2)y − 4x3 − 2tx2 +
50t2x + 144t3]z + 48y4 + (24x + 168t)y3 + (−4x2 + 48tx + 228t2)y2 + (−6x3 − 2tx2 +
24t2x + 144t3)y − 2x4 − t2x2 + 36t4.
The surface singular locus is defined by the ideal J = ( ∂F
∂x
, ∂F
∂y ,
∂F
∂z ,
∂F
∂t ).
Evaluating the generators of J for t = 0, we easily check that the zero-set V (J ) contains no
real point on the hyperplane at infinity {t = 0}. Thus we can restrict the study to the affine
part of V (J ) defined by the ideal I = JA obtained by dehomogenizing J , i.e. evaluating
its generators for t = 1.
If we compute the lexicographic Gröbner basis for I with x > y > z, we get
G =
{
x2 + . . . , . . . ,
(
z2 − 34
11
z + 17
11
)
x + . . . , g1(y, z), g2(y, z)
}
where g1(y, z) = y5 + . . . and g2(y, z) = (z2 + 1)y4 + . . ..
Looking at G, we see that the ideal I has dimension 1, but it is not of pure dimension 1,
since the ideal of the projection of C = V (I ) into C2 through π : (x, y, z) → (y, z)
is generated by g1, g2. So, before applying our test, we need to separate off the zero-
dimensional part, that will be handled separately. In order to do this, we compute
d(y, z) = gcd(g1, g2) = y4 + 14332 y3z + 6716 y3 + 11716 y2z2 + 272 y2z + 42364 y2 + 16732 yz3 +
903
64 yz
2 + 21916 yz + 28964 y + 361256 z4 + 30764 z3 + 885128 z2 + 28964 z + 289256
which gives an equation for the one-dimensional part of the projected curve, while the
zero-dimensional part is the zero-set of {(g1/d, g2/d)} = {y + z + 1, z2 + 1}.
Since it is immediate that this last component does not contain any real point, we can
restrict our investigation to the one-dimensional part of C defined by the ideal (I, d) of
pure dimension 1. Its lex Gröbner basis is
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x2 − 2xz − 4y2 − 10yz − 8y − 5z2 − 8z − 4,
xy + 2xz + 103 y2 + 233 yz + 173 y + 236 z2 + 173 z + 176 ,
xz2 − 3411 xz + 1711 x − 12833 y3 − 31633 y2z − 53633 y2 − 19433 yz2 − 33211 yz − 67633 y − 911 z3 − 40933 z2 −
587
33 z − 28933 ,
y4 + 14332 y3z + 6716 y3 + 11716 y2z2 + 272 y2z + 42364 y2 + 16732 yz3 + 90364 yz2 + 21916 yz + 28964 y +
361
256 z
4 + 30764 z3 + 885128 z2 + 28964 z + 289256
and hence it is in the required general position.
We now compute the critical points of the plane curve V (d) with respect to the
projection on the {y}-axis, given by ideal K = (d, ∂d
∂z ). This is a zero-dimensional ideal and
V (K ) = {(−1.2546348571, 0.6273174285), (−4.9271812438, 2.4635906219)}. In order
to “lift” these points, we consider the zero-dimensional ideal D = (I, d, ∂d
∂z ) whose real
zero-set turns out to be empty. Therefore the given surface does not have any real singular
point.
3. Lines disjoint from curves in RP2
Let CR be a projective plane curve in RP2 defined as the real zero-set of a square-free
homogeneous polynomial G(x, y, z) ∈ Q[x, y, z] of even degree n = 2m. The set CR can
be seen as the real part of the projective curve C = {[x, y, z] ∈ CP2 | G(x, y, z) = 0}, i.e.
CR = C ∩RP2. Assume that CR has no singular point; in particular C cannot contain any
line. We want to decide whether there exists a real line r ⊂ RP2 such that CR ∩ r = ∅.
In Fortuna et al. (2003) it was seen that for real quartic curves without real singular
points such a disjoint line always exists. If the quartic has two (complex conjugate) singular
points, then it is sufficient to take the line connecting the two points. If C is non-singular,
by Zeuthen’s Theorem (Zeuthen, 1874) the quartic has a real double tangent intersecting
the curve in two points: if these two points are complex conjugate, the double tangent is
already disjoint from the real locus of the quartic; if the points of tangency are real (maybe
coinciding), it is possible to obtain a disjoint line by slightly perturbing the double tangent.
We will show that, for higher degrees, it is possible to use multi-tangents to set up a
procedure to decide whether there exists a line disjoint from the given real curve or not.
Definition 3.1. (1) Let k be a positive integer. A real line τ ⊂ RP2 is called a pure
k-tangent to CR if CR ∩ τ = {P1, . . . , Pk} with P1, . . . , Pk pairwise disjoint points and τ
is tangent to C at Pi for all i = 1, . . . , k.
(2) A pure k-tangent τ to CR is said to be quasi-disjoint from CR if it is adherent (as a
point in the Grassmannian of lines in RP2) to the set of lines disjoint from CR.
Lemma 3.2. The following facts are equivalent:
(i) there exists a real line r disjoint from CR;
(ii) there exists a pure k-tangent to CR quasi-disjoint from CR for some positive k.
Proof. Assume that r is disjoint from CR and let Q ∈ r . Moving r in the linear system
of lines passing through Q, we find a line τ touching CR only at k points of tangency;
evidently τ is a pure k-tangent quasi-disjoint from CR. The opposite implication is
trivial. 
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As mentioned before, for instance any (pure) 2-tangent to a real quartic is always quasi-
disjoint from the curve (for a proof, see Fortuna et al. (2003)). However in general a pure
k-tangent to CR is not quasi-disjoint from it, as the examples in the following figure show:
Lemma 3.3. Let τ be a pure k-tangent to CR with CR∩τ = {P1, . . . , Pk}. Up to a change
of coordinates, assume that CR ∩ τ is contained in the affine chart U = {z 
= 0} of RP2
and, using in U the affine coordinates (x, y), assume that τ ∩ U = { f (x, y) = 0} where
f (x, y) is a real polynomial of degree 1. Then τ is quasi-disjoint from CR if and only if
there exists j ∈ {0, 1, . . . , k} such that:
(i) for all i such that 0 < i ≤ j , locally at Pi the curve CR is contained in the half-plane
{ f (x, y) ≤ 0} (resp. { f (x, y) ≥ 0});
(ii) for all i such that j < i ≤ k, locally at Pi the curve CR is contained in the half-plane
{ f (x, y) ≥ 0} (resp. { f (x, y) ≤ 0}).
Proof. Assume that conditions (i) and (ii) hold. If 1 ≤ j < k, let Q be a point in the affine
segment on τ having Pj and Pj+1 as boundary points; if j = 0 or j = k, let Q be the point
at infinity on τ . Then it is sufficient to move τ a little in the linear system of lines passing
through Q. Conversely, if r is a line next to τ and disjoint from CR, then r intersects
τ in a point which splits {P1, . . . , Pk} into two subsets of points fulfilling conditions (i)
and (ii). 
Let us see how we can algorithmically decide whether a pure k-tangent to CR satisfies
the conditions seen in the previous lemma:
Algorithm 1: Deciding whether a pure k-tangent is quasi-disjoint from CR or not.
Let τ be a pure k-tangent to CR. Using the notation of the statement of Lemma 3.3, in
the affine chart U the curve CR is given by g(x, y) = 0, where g(x, y) = G(x, y, 1). Let
t → γ (t) be a parametrization of τ ∩ U and denote by t1, . . . , tk the real values such that
γ (ti ) = Pi and hence g(γ (ti )) = 0.
For each i = 1, . . . , k we can have information about the local behavior of CR at Pi
just from differentiating g ◦ γ . If mi denotes the least positive integer such that the mi -th
derivative Dmi (g ◦ γ ) does not vanish at ti , then locally at Pi the curve CR is contained in
one of the two half-planes bounded by τ if and only if mi is even.
If all the integers m1, . . . , mk are even, we still have to check whether conditions (i)
and (ii) of Lemma 3.3 are fulfilled. This is trivially true when k = 2; when k > 2 consider
for i = 1, . . . , k the vector N(Pi ) = ( ∂g∂x (Pi ), ∂g∂y (Pi )), which is normal to τ and points
towards the region where g is positive. Since the degree of g is even, all the connected
components of CR are ovals, i.e. each of them disconnectsRP2 into two connected regions:
one orientable and homeomorphic to a disc, the other one non-orientable. Hence τ , since it
is a pure k-tangent, is necessarily contained in the non-orientable connected region exterior
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to all the ovals of CR. Then the vectors N(Pi ) allow one to decide in which half-plane
bounded by τ the curve CR is locally contained. Thus, just inspecting the parity of the
mi ’s and the variations of the unitary normal vectors N(Pi )‖N(Pi )‖ (which can assume only two
opposite values), we can decide whether the pure k-tangent τ is quasi-disjoint from CR
or not. 
According to Lemma 3.2, our next task is to compute the pure k-tangents to CR. For
that, consider the dual curve Ĉ ⊆ (CP2)∗ defined as the closure of the image of the
morphism C \ Sing(C) → (CP2)∗ associating with any non-singular point P ∈ C the
tangent line τP . As is well known, the lines that are tangents to C at more than one point and
the tangents having an intersection multiplicity ≥3 with C at the tangency point correspond
to singular points of Ĉ .
If we denote by [u, v,w] homogeneous coordinates in (CP2)∗, a way to compute an
equation for Ĉ is to consider the ideal B = (G, u − ∂G
∂x
, v − ∂G
∂y , w − ∂G∂z ) generated by
bihomogeneous polynomials in x, y, z and u, v,w. Then Ĉ is the curve defined by the ideal
B ∩ Q[u, v,w], which is principal, generated by a homogeneous polynomial Ĝ(u, v,w);
we can compute Ĝ eliminating the variables x, y, z from B for instance by using a lex
Gröbner basis with x > y > z > u > v > w. For more efficient methods for computing
the dual curve, see Volcheck (1997) and Bouziane and El Kahoui (2002).
The singular locus of Ĉ is given by the ideal Ĵ = ( ∂Ĝ
∂u
, ∂Ĝ
∂v
, ∂Ĝ
∂w
). Then the ideal (B, Ĵ)
defines in C × Ĉ a subset V (B, Ĵ) containing all the pairs (P, l) where l is a line either
tangent to C at P with intersection multiplicity ≥3 or tangent to C at P and at other points.
Let us denote by L the set obtained from V (B, Ĵ) after discarding all the pairs (P, l)
where l is a complex line. All the real lines that are either pure k-tangents to CR with
k ≥ 2 or pure 1-tangents having an intersection multiplicity ≥3 with C at the tangency
point appear in some of the pairs of L. However, if (P, l) ∈ L, l is not necessarily a
real pure k-tangent; for instance all the tangency points might be complex (conjugate) or
l ∩ CR might contain other points where l is not tangent to the curve. Notice that the pure
1-tangents having intersection multiplicity 2 with C at the tangency point (let us call such
lines “ordinary 1-tangents”) may not appear in L, unless they are tangent to C also at other
complex points.
If L 
= ∅, we can start to look for a line disjoint from CR testing whether among the
pairs in L we can find a line quasi-disjoint from CR.
Algorithm 2: Looking for a disjoint line when L 
= ∅.
By Lemma 3.2, we have to look for a pure k-tangent quasi-disjoint from CR. Consider
the partition L = L1 ∪ · · · ∪ Lm where
Lk = {(P, l) | l appears in exactly k pairs in L}.
If (P, l) ∈ Lk , we know that l is tangent at k points to the complex curve C; since we are
interested in the behavior of l with respect to the real part CR, we need to check the real
intersection l ∩ CR.
Starting with k = 1, if (P, l) ∈ L1, then l is a real tangent to C at one single point
(necessarily real) with intersection multiplicity ≥3 with C . If l ∩ CR = {P}, then l is a
pure 1-tangent; hence it is quasi-disjoint and the algorithm stops.
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If none of the pairs in L1 gives a pure 1-tangent, we consider L2, and hence the lines
l appearing in exactly two pairs (P1, l), (P2, l) in L, with P1 and P2 lying in C but not
necessarily in CR. Again consider l ∩ CR; three cases are possible:
(a) if l ∩ CR = ∅, then l is already a real line disjoint from CR;
(b) if l ∩ CR = {P1, P2}, then l is a pure 2-tangent, and using Algorithm 1 we can decide
whether it is quasi-disjoint or not;
(c) if l ∩ CR contains at least one point different from P1 and P2, then l is not a pure
2-tangent.
If the algorithm did not come to a stop after the analysis of L2, we consider L3 and,
iteratively,Lh . If l is a line appearing in exactly h pairs (P1, l), . . . , (Ph , l) in L, one of the
following situations can occur:
(a) l ∩ CR is contained in {P1, . . . , Ph} (maybe properly contained if some of these points
are complex conjugate), say l ∩ CR = {Pi1 , . . . , Pik }: then either l is disjoint from CR
(when k = 0) or it is a pure k-tangent and Algorithm 1 allows one to decide whether it
is quasi-disjoint or not;
(b) l ∩ CR contains at least one point different from P1, . . . , Ph : then l is not a pure
k-tangent for any k ≤ h.
Note that, if we need to consider Lm not having found any quasi-disjoint pure k-tangent
with k < m, then the case (b) here above cannot occur by Bézout’s Theorem. 
If, after applying Algorithm 2, we have not found any pure k-tangent quasi-disjoint from
CR, a priori there might still exist a quasi-disjoint line among the ordinary 1-tangents to
C (i.e. pure 1-tangents having intersection multiplicity 2 with the curve at the tangency
point); recall that these tangents may not appear in L. As a matter of fact the next lemma
implies that, if L 
= ∅ and Algorithm 2 did not yield any disjoint line, then no ordinary
1-tangent can exist.
Lemma 3.4. Assume that Y = {P ∈ CR | τP is a singular point of Ĉ} is non-empty, where
τP denotes the tangent to C at P. Let γ be a connected component of CR \ Y having P1
and P2 as boundary points. If there exists Q ∈ γ such that τQ is a pure 1-tangent, then τP1
and τP2 are pure ki -tangents (i = 1, 2) quasi-disjoint from CR, for some positive integers
k1, k2.
Proof. The map ϕ : CR \Y → N assigning to any P ∈ CR \Y the number of intersections
between τP and CR is constant on each connected component of CR \ Y . Thus, for any
point P ∈ γ the line τP is a pure 1-tangent quasi-disjoint from CR; hence there exist k1, k2
such that τP1 and τP2 are pure ki -tangents adherent to the set of lines disjoint from CR. 
Algorithm 3: Looking for a disjoint line when L = ∅.
If L = ∅, the only thing we need to check is whether there exists an ordinary 1-tangent
(that necessarily would be quasi-disjoint from CR). This can be checked by means of
a finite number of tests, using the property of the map ϕ already used in the proof of
Lemma 3.4.
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When L is empty, Y is empty too; hence the map ϕ : CR → N assigning to any P ∈ CR
the number of intersections between τP and CR is constant on each connected component
of CR. So, if we want to look for an ordinary 1-tangent to CR, it is sufficient: (1) to choose
a point P in each connected component of CR, (2) to compute the tangent τP , (3) to decide
whether it is a pure 1-tangent, that is whether τP ∩ CR = {P}.
Steps (2) and (3) are trivial to perform; as for step (1), one can take advantage of
projecting the curve to a line from a point not lying in CR. So assume that [0, 1, 0] 
∈ CR
and consider the affine equation g(x, y) = G(x, y, 1) = 0 of CR in the affine chart
U = {z 
= 0}. The set Crit(CR) = VR(g, ∂g∂y ) contains all the points in CR ∩ U that are
critical with respect to the projection π : (x, y) → x and the finite set A = π(Crit(CR)) =
{x1 < x2 < · · · < x p} contains all the critical values.
If A 
= ∅, the easiest connected components of CR to test are the ovals containing at least
one critical point, because at each critical point P in CR, the tangent line is π−1(π(P)).
In particular we observe that, in the case we are considering, for all i = 1, . . . , p the fiber
π−1(xi ) contains exactly one critical point, because otherwise the line π−1(xi ) would be
tangent to CR at two points at least, while L = ∅. Thus a line π−1(xi ) over a critical value
is a pure 1-tangent if and only if π−1(xi ) ∩ CR contains one single point (the critical point
over xi ).
After considering the intersections π−1(xi ) ∩ CR for all i , we have certainly
accomplished our test for the ovals containing critical points. Since there may exist ovals
without any critical point (in particular if A = ∅), to be sure of having tested all the ovals
in CR we can, for instance, choose a value x < x1 (if A = ∅ choose for instance x = 0);
then the fiber π−1(x) intersects all the ovals meeting the line at infinity, and in particular
the ovals not containing critical points. So, in order to complete our analysis, it suffices to
compute the points P ∈ π−1(x) ∩ CR, to compute the tangent line τP and check whether
τP ∩ CR = {P}. 
Example 3. Consider the plane projective curve CR in RP2 defined by the homogeneous
polynomial G(x, y, z) := 144425 z6 − (16y2 + 3151400 x2)z4 + ( 112011600 x2 y2 − 361100 y4 − 50564 x4)z2 +
y6 − 2516 x2 y4 − x4 y2 + 2516 x6.
Its dual curve has equation Ĝ(u, v,w) = −w6 + ( 361100v2 + 10120 u2)w4 + (16v4 −
19649
625 u
2v2 + 3151625 u4)w2 − 144425 v6 + 23104625 u2v4 + 144425 u4v2 − 23104625 u6.
The set L consists of 24 pairs; since each line contained in some pair of L appears in
exactly two pairs, L = L2. In order to test whether any of these 12 real lines is a pure
2-tangent, we have to compute their intersections with CR.
One of these lines is l = {5
√
39
41 x + 5
√
617
41 y + 38z = 0}, which appears in the pairs
(P1, l), (P2, l) where P1 = (−19
√
39
41 ,−19
√
617
41 , 40) and P2 = (32
√
39
41 ,−50
√
617
41 , 95).
Computations yield that l ∩ CR = {P1, P2, P3, P4}; hence l is not a pure 2-tangent.
Repeating the same test for the other 11 lines, it turns out that none of them is a pure
2-tangent, so the curve CR does not admit any disjoint line.
Example 4. Now let CR be the projective curve defined by the homogeneous polynomial
G(x, y, z) = −48yz5 + (76y2 − 120x2)z4 + (−44y3 + 156x2y)z3 + (23y4 − 85x2y2 −
10x4)z2 + (−8y5 + 44x2y3 − 36x4y)z + y6 − 10x2y4 − x4y2 + 10x6.
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Its dual curve has equation 8u6 −32u4v2 +48u4vw+10u4w2 +24u2v4 −288u2v3w−
386u2v2w2−172u2vw3−23u2w4+240v5w+380v4w2+220v3w3+115v2w4+40vw5+
5w6 = 0. Again L contains 24 pairs and L1 = ∅.
The line l = {
√
5
√
89 + 95/2 x +
(√
89/2 + 5
)
y − z = 0} appears in two pairs
(P1, l), (P2, l) of L and l ∩ CR = {P1, P2}. Thus l is a pure 2-tangent. Using Algorithm 1,
it turns out that m1 = m2 = 2 and hence, since k = 2, the line l is quasi-disjoint.
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